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In a paper of Hirzebruch (Ann. of Math. 60 (1954), 213-235) the following 
number-theoretical question occurs in a problem (Problem 5, p. 217): Determine 
those coefficients in the Taylor expansion of tan x whose reciprocals are in Z. 
We give here the complete solution. 
In 1960, Adams solved Problem 5 along algebraic-topological lines so that the 
question about tan x was no longer important for this problem. 
We prove the following theorem. 
THEOREM. Consider the Taylor expansion of tan x 
tan x = g arx2’-l, 
7-l 
/ x I < 57/2. 
Then a;’ E Z o r = 1 or r = 2. 
Proof. The following formula holds [2, pp. 422,423] 
a, = (22r(22T - 1)/(2r)!)( B,, (, (1) 
where the indexing of the Bernoulli numbers is such that 
x/(e” - 1) = f (BJt!) xt, 
t=o 
hence Bt = 0 for odd t # 1. Note that a7 > 0. 
We have to prove: The number (2r)!/(22’(22’ - 1) B2,.) is an integer if 
and only if r = 1 or r = 2. 
We use now von Staudt’s theorem; see for instance Hardy and 
Wright [3, Theorem 118, Chapter VII] 
B2r = i c I/P (mod 9, 
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the summation being extended over the primes p, such that p - 1 ( 2r. 
(Warning, in Hardy’s Theorem 118 another indexing of the Bernoulli 
numbers is used!) 
Since the prime number 2 occurs in the summation, we can write 
I 4, I = &P7, A,EZ, 
where P,. is the product of all odd primes p, with p - 1 ] 2r. 
Since thesep - 1 divide 2r, it follows that 22T = 1 (modp), for all odd 
p 1 P, , by Fermat’s “little” theorem. Hence, 
P,1227- 1. (2) 
Write (1) in the form 
(2r)! = (22r - 1)/P, s 22r-1 . A,. * l/q. . (3) 
Suppose that a;’ E Z, then all fractions in the right side of (3) are integers. 
In particular, we have 
22r-1 ( (2r) ! . (4) 
But it is well known that (4) is not true unless 2r is a 2th-power, say 2r = 2K* 
Consider a prime divisor q of the number 2r + 1, i.e., 2’ 3 - 1 (mod q). 
Hence, 
22r = 1 (mod q). (5) 
Since 2r is a 2th-power, 2 has the precise order 2r mod q. From this, it 
follows that 
2r)q- 1. (6) 
In particular, q > 2r, whence q r (2r)! . It follows from (3) that 
and next from (5), that q ] P, , hence that 
q - 1 [ 2r. (7) 
Therefore, (6) and (7) yield q = 1 + 2r = 1 + 2K, i.e., 2x = -1 (mod q), 
whence 
22x = 1 (mod q). (8) 
Since we have seen, that 2 has the order 2r = 2K modulo q, 2K has to be 
244 VAN DER WAALL 
a multiple of 2K, and this not possible, unless K = 1 or K = 2, i.e., r = 1 
or r = 2. 
Since the values of a, and a2 are 1 and 3-l, respectively, the proof is 
complete. 
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